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Abstract 


Depending on the geometric isometry (AH-Isometry), it has been proven that every Neutrosophic real function is 
equivalent to three real functions. Then, the foundation of the Refined Netrusophic calculus was established, where 
new definitions of Refined Netrusophic integration and Refined Netrusophic differentiation were introduced, along 
with some illustrative examples. Following that, definitions for the Refined Netrusophic gamma function and Refined 
Netrusophic beta function were presented to pave the way towards achieving the desired goal, which is Refined 
Netrusophic Fractional calculus. 


Keywords: Refined Neutrosophic real function; Refined Neutrosophic Integration; Refined Neutrosophic Derivative; 
Refined Netrusophic Fractional integral and Refined Netrusophic Fractional Derivative. 


1 Introduction 


Fractional calculus owes its origin to a question of whether the meaning of a derivative to an integer order n could be 
extended to still be valid when n is not an integer. This question was first raised by L’Hopital on September 30th, 
d™x 

dx”? 


linear function f(x) = x. L’Hopital curiously asked what the result would be ifn = . Leibniz responded that it would 


1695. On that day, in a letter to Leibniz, he posed a question about Leibniz’s notation for the derivative of the 


be “an apparent paradox, from which one day useful consequences will be drawn,” [16] 


Neutrosophy is a new branch of philosophy concerns with the indeterminacy in all areas of life and science. It has 
become a useful tool in generalizing many classical systems such as equations [1,9], number theory [2,3], topology 
[4,5], linear spaces [6,10], modules [4,5], and ring of matrices [7,8]. 


In the literature, we find many studies about neutrosophic calculus, where some definitions and properties were 
presented about neutrosophic real functions and numbers [10]. 


The neutrosophic real functions with one variable were defined only in a special case [11], as follows: 


Recently, Abobala et.al, have presented the concept of two-dimensional AH-isometry to study the correspondence 
between neutrosophic plane R(I) x R(J) and the classical module R? x R?. Also, the one-dimensional AH-isometry 
between R(I) and R X R. This isometry was useful in defining inner products and norms [10], ordering [9], and 
neutrosophic geometrical shapes [10]. 


In this work, we use the one-dimensional AH-isometry to turn the general case of refined neutrosophic real functions 
with one variable into three classical real functions so we will go from R(J,, Iz) space into R x R X R space. The 
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definitions of Refined Netrusophic integration and Refined Netrusophic differentiation were introduced. Following 
that, definitions for the Refined Netrusophic gamma function and Refined Netrusophic beta function were presented 
to pave the way towards Refined Netrusophic Fractional calculus. 


2. Terminologies 


We present here some basic definitions and axioms of neutrosophic logic and refined neutrosophic logic. 
Definition 2.1. [19]: Let X be a non-empty fixed set. A neutrosophic set A is an object having the form 
{x, (UA(x), SA(x), VA(x)): x € X}, where wA(x), 6A(x) and yA(x) represent the degree of membership, the degree 
of indeterminacy , and the degree of non-membership respectively of each element x € X tothe setA. 

Definition 2.2. [20]: Let K be a field, the neutrosophic file generated by (K U I) which is denoted by K(/) = (K UI). 
Definition 2.3. [21]: Classical neutrosophic number has the form a + bI where a,b are real or complex numbers and 
I is the indeterminacy such that 0 - J = 0 and I? = J which results that J" = I for all positive integers n. 
Definition 2.4. [14] Let RUD) = {a+ bl;a,b € R} where I? =] be the neutrosophic field of reals. The one- 
dimensional isometry (AH-Isometry) is defined as follows: [49] 
T:RU) 9 RXR; T(at+bl) = (aatb) 
Remark 2.5. [14] 
T is an algebraic isomorphism between two rings, it has the following properties: 

1) T is bijective. 

2) T preserves addition and multiplication, i.e.: 

3) Since T is bijective, then it is invertible by: 

T1:RXR->R(U); T 1(a,b) =a+ (b-a)l 
4) T preserves distances, i.e.: 
IT (AB) || = TABI) 

Definition 2.6. [15] 

Let f:RU) > RU); f = f(X) and X =x+ yl € R(J) the f is called a neutrosophic real function with one 
neutrosophic variable. 

a neutrosophic real function f (X) written as follows: 


F(X) =faty) = fe) +1f@+y) - fO)] 


Definition 2.7. [17]: Let (X(,,1,),+,°) be any refined neutrosophic algebraic structure where + and - are ordinary 
addition and multiplication respectively. (, and I) are the split components of the indeterminacy factor J that is ] = 
al, + Bl, with a,B € Ror C. Also I,and I, are taken to properties I,” = I, ,],* = I, and lh = hl, = 1, . The 
refined neutrosophic real number has the form a + bl, + cly. 

For any two elements, we define 
1 XU) +YU,,b) =at+bh+ch+d+elh,+ flh=atd+b+eh+(ct+fh 
2. XU, In) YU In) = (+b, 4+ cl): (dt+el,+ fl.) =a:d+(ae+bd+bet+bf +ce)l, + (af +cd+ 
cf) In. 
3. X(4,12) = a+bly+clz 

Y(Injlg)  d+elyt fla 
4. at+bl,+cl,<d+el,+ fl, ifandonlyifa<datb+c<dtet f, PCS ety: 
Definition 2.8. [18] Let R(y, 2) = {a + bl, + cl, ;a,b,C € R} where I,” = I, , Ip? = 1, and Ll = hl, = |, be the 
refined neutrosophic field of reals. The refined one-dimensional isometry (AH-Isometry) is defined as follows: [49] 

T:RUy Ig) >RXRXR;Tat+5I1,+cl,)=(aatb+catc) 


Remark 2.9. [18] 
T is an algebraic isomorphism between two rings, it has the following properties: 
5) T is bijective. 
6) T preserves addition and multiplication. 
7) Since T is bijective, then it is invertible by: 
TU:RXRXR->R(L,L); T 1a,b,c) =at+(b-c) +(c-ah 
8) T preserves distances, i.e.: 
IT (AB) || = TABI) 
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3. Refined Neutrosophic Calculus 


3.1 Refined Neutrosophic Real Function 
Definition 3.1.1. [15] Let f: RU, 1.) ~ Rh, 1); f = f (Xd h)) and X = x+ yl, + zl, € R(,,1,) the f is called 
a refined neutrosophic real function with one refined neutrosophic variable, written as follows: 


f (XG 12)) = f(xtyh +22) =f+(fetytz2—-fetaht+Ffet+2) -f@~)h 


Theorem 3.1.2. any refined neutrosophic real function into three classical real functions, i.e., to the classical Euclidean 
planeRX RXR. 

Proof. 

Let f(X(h,12)) = f(x tyh +22) = fxd + (Faty+2)—-f+z2))h t+ (FO +z) -f)h a refined 
neutrosophic real function. 

Now, Using the one-dimensional AH-isometry, we have. 


T(f(XGvb))) = TF) +(F@ ty +2) -f+D) t+ (F& +z) — f@))h), then. 
(fi, fa fa) = (FOI +y+z)—-f(«+z),f@+z)- 7). then, we have. 
fi =f) 
foa=f@+yt+z)—f@t+z) 
fz =f@+z)-—f@) 
the functions f(x), f(« +y +z) — f(x +z), f(x + z) — f(x) are three real functions. 


Exemple 3.1.3. Let R(J;, /,) be the refined neutrosophic field of reals, we have: 


1. f(XCh, bb) ) = extylitzl2 = eX + (ertyt2 _ e**7)], + (e**2 a e*)Ip 

2. fXdy,b)) = In + yi, + zi) = In(v) + (In(x +y+z)-—In(x+ z))i, + (In(x +Zz)- In(x) Io, 
where xX + yl, +2], >0+0h, + Ol. 

3. f(XUb)) = ¥xtyh tzh =vx+ (fet y tz—vx+Z)h + (Vx +2 —-Vx)b, where x + yh, + 
zly > 0+ OL, + Ob. 

4. f (Xd, 1)) = sin(x + yl, + zl,) = sin(x) + (sin(x +y+z)—sin(x+ Zz) )I, + (sin(x +2Zz)- 
sin(x))I, 


3.2 The Derivative of Refined Neutrosophic Functions on R(1,, Iz). 


Definition 3.2.1. Let f (x y,1 2) a refined neutrosophic function on R(J4, 12), the we define a derivative of a 
refined neutrosophic function f (x (1 2)) as follows: 


farts (Xv b)) = OD + (fay ty +2) - fleet 2) + (fac +2) - K@)b 
Examples 3.2.2. 


1. eXGrle) = extyhtzl2 = ex +4 (ertyt2 = meaay Bi 4 (er? - e*)I, we have: 

f(y) X Ua 2)) =er+ (ar _ ee +4 (ee = el = erty tzl2. 

2. f(Xd,,b)) = In + yl, + zl) = In(x) + (In(x +yt+z)—In(xt+ z))h, + (In(x +2z)- ine) bs 
where x + yl, + zl, >0+0/,4+ 01. 


We have. 
: (X(4,h)) =< + ( , —)at(= \h= , a: 
Frciasta) XC te x \etytz xta2)* \wt+z2 x]? xtyl+zh X(h,hL) 
. 1 1 1 1 1 
Notice that: E+ (Sere) a t+ (Gye) @+ yl, + Zp) =1+ 01, + 01, 


3. f(XCh, h)) = sin(x + yl, + zlz) = sin(x) + (sin(x +y+z)—-—sin+ Zz) + (sin(x +2z)- 
sin(x) )Ip. 
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We have. 
fey) X Ua 2)) = cos(x) + (cos(x +y+z)—cos(x + z))h, + (cos (x +Zz)- cos(x) Ip = cosX (I, In). 


3.3 The Integral of Refined Neutrosophic Functions on R(J,, Iz). 
Definition 3.3.1. Let f (x (1 2)) a refined neutrosophic function on R(J,, 12), the we define a integration of a 


refined neutrosophic function f(X (dy, Iz))as follows: 


S f(X, b)) aX, ) = F(X) = Fx) + [Fo ty tz) —F@+ 2h + [F@ +2) -F@ hb. 
Examples 3.3.2. 


1. f (XU 2)) = e*"2) . We have. 
extyhtzl, qx = fe dx + Lf ertytZ d(x +y+z)— | e**27d(x+z)|l, 
+ [[ zea +a - [ e*ax]h, 
= e* + (e%t¥t2 — eX*7)], + (e**2 — e*) I, tat bh, tcl, = e**¥1*222 4+a+4b1,+cl, where a,b,c are 
conests. 
2. f (XU, 2)) = cos(x + yl, + Zlp) we have 
cos(x + yl, + zl,) aX (h, In) 


= | cos(x) ax +|{ cose ty +2)d@e+y+2)-[ cose +2d@e+2))h 


+ [{ cos(x + z)d(x+z)— | cos(x) dx| hy 


= sin(x) + (sin(x +y+z)—sin(x+ z))h, + (sin(x +2z)- sin(x) JI, +a+bl, 
+ cl, =sin(x+ yl, + zl,)+a+bl,+cl, 
where a, b,c are conests. 


3.4 The Definite Integration of Refined Neutrosophic Functions on R(J,, Iz). 


Definition 2.4.1. 


Let f (xX Cigisd) a refined neutrosophic function on R(J,, 12), we define the definite integration of a refined 
neutrosophic function f(X (J, [2)) as follows: 
d+el,+ flz 


f (X (hp) dX Ch, Ip) 


at+bly+cl2 

d dt+et+f d+f 

= | fodx + | fatytzda+y+t+z)- | f+zdx4+z)/ 
a a+b+c at+c 

d+f d 

+ | f+z)d(x+z)- [ Feodx I, 

at+c a 
Example 3.4.2. 


14+], 41. 1 3 2 
lL J= Ica ton: eXlvla) dX (1,, In) = I. e*dx + [fo e742 d((x +y+z))— S; eZ) d(x 4 z)| L+ 


[r eZd((x+y+z))- f, e*dx_| I, = [e*]§ + [[e@t?*]8 — [e@* 2] 1, + [[e@*” 2 — [e* lb] 
J =(e-1)+ ((e? - 1) - (e? -e))I, + ((e? —e) —(e -D)h. 
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4. Refined Neutrosophic Fractional Calculus 


4.1 Useful Refined Neutrosophic Functions 


Definition 4.1.1. The most basic interpretation of the refined neutrosophic Gamma function is simply the 
generalization of the refined neutrosophic factorial for all refined neutrosophic real numbers. 


We define a refined neutrosophic Gamma function as follows: 
EZ I,)) = T(z, + Zo], + Z31) = T'(z,) + (TG + Z2 + Z3) = T(z, + Za) hi + (T(z, + Z3) = T(z) )lo 


0 


Remark 4.1.2. 
1. T1401, +02) =10) + (TQ) -T@Q)),+ (FQ) -TQ)h =1 


And we can proof in this way, 
(1) = + OL, + 01) = fe + tol, + tglz)t-1 e~G1ttalattsla) d(t, + tal, + tzlz) 


0 


| e~tittatts) d(t, + tz + t3) — | e atta ((t, + t3)) iL 
0 0 


e“ttsd(t, + t3) = | macy] I, 
0 


0 
P(1) = [-e~]p + ([-e“@rttetts)]° — [ented] ©) 1, + ([-e-ts)]® — [et] 9”) 1p 
Pd) =1+0/,+0h=1 

In the same way we can proof, 


l. F@Ugi) +) =(2G,5) )1ZG.5)) 
2. Tnt+ml,+ ph) =n+mil,+ pl)!in+ml, + pl, € Ny, 12) 
Definition 4.1.3. 


Like the refined neutrosophic Gamma function, the refined neutrosophic Beta function is defined by a definite 
refined neutrosophic integral. Its definition is given by 


B(P(, b),@Uh)) = B(p, + poly + Psl2, 41 + Q2h + 3l2) 
1 


ve I2)-1 
= [@ + tyly + tylz)@rtP2latPsle)-1 (1 — (ty + toh + tyl,) er 
0 


The Beta function can also be defined in terms of the Gamma function: 
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P(P(h, e)).P(QUy ke) 


BAP ila apa) ee an Fags GAY 
(Pa), Olt) =e) + (QCln fa) 


4.2 Definition of the Riemann-Liouville Refined Neutrosophic Fractional Integral 


We can start by introducing a succinct notation that will be frequently used. From now on, te f (x (i,1 2)) 
will denote the refined neutrosophic fractional integration of a refined neutrosophic function f (x 4,1 2)) to an 


arbitrary order v(I,, Iz) and v(1;, Iz) is a refined neutrosophic positive real number . 


Definition 4.2.1. Let v(I;, Iz) be a refined neutrosophic positive real number. Let f(X (11, Iz)) be integrable and 
piecewise continuous on (0,0) . Then for (14,12) > 0 + OF, + OI, , the Riemann-Liouville refined neutrosophic 
fractional integral of f (x y,1 2) of order v(Iy, Iz) is: 


X(U1,12) 


DS” 112 vU412)- 
Dyas (XC 12) = roma | (Xio) - td) 


f(tUy12)) d(tUy, 12)) 


Remark 4.2.3. : Let (x (1 2)) ,X=x+ yl, + zIy € R(U4,12) be a refined neutrosophic real function with one 
refined neutrosophic variable, then as a result of the Theorem 3.1.2. we can write: 


Dy? (Xp 12) = Dyg ee? (F@) + Fat yt 2) - fet 2h + [FO +2) - f@]h) 
= Dz?) F(x) + [DUE fa ty + 2) — DI" fat 2)| hs 


X+Y+Z 


+ [(Dee? pe +2) — DP FO] 


Example 4.2.4. : Let’s evaluate D7?“ aD yee #2) (1, 12) by definition, 


X(Iy,I2) 
Dea 12) ywUnl2)(q,, Is) 
al 
X(1,12) 
1 v(Iyt2)-1 w(I1 12) 
= Se X (Ih, Iz) — ty, Iz) ty, 12) d(tU1,12) 
aay | easy acai) 
xc, Ip) 


tU1,12) 


vI4,12)-1 
Sweet, X(L,, 1 )°4!2)-1 (41, I wUrt2) t(I,,1 
COR) J (1 ~yactp) (ata) (th Ia) (tU,12)) 


Pool 


v(I4,12)-1 w(Iy12) 


— u(y, 12)) X(1y, 12)?! 41 (X y, In) uh, I,)) d(u(Iy,12)) 
t(11,12) 
Where (u(Iy, 12) = a 2) 
1 
= — xq, 1) wt.) | (4 — u(y, In) (wy, 12) dug, Ia) 
P(v(, 12) J 
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= ——$~ X (Iq, 12) 90022) B (wy, Ia) + 1, VU, Ty) 
T(v(y, I2)) ( ) 
Tw, Iz) + 1) 


= ——_ PENT w(I412)+vU112) 
T(wUy, Iz) + VU, Iz) + D (at) 


We refer to the above example as the Refined Neutrosophic Power Rule. The Refined Neutrosophic Power Rule 
tells us that the Refined Neutrosophic fractional integral of a constant of order vy, Iz) is 


T(w(y, Iz) + 1) 


Dye xw ele) iy, Ip) = 
Uy,1n) = (wy, Iz) + vy, Iz) + 1) 


RA i: yyw ad Fe) 


And in particular, if v4, 12) = s+ 01, + Oly, 


$4011 +012, 2 0 _ wGs ) 2 2 
Dy.) [x+ xl, + x*I,]" = r®) [x + x1, +x? LE -— I, 
2 


=F (vE+ Vata at Jian, + [Jest - veh) 


-14014 401 


r(2) 4 
D,? [xa + thon’ = —__ |x + xl, + 2x71 pttla+0l2 — ——J/(x + x1, + x?I,)3 
X(Iy,I2) [ 1 2] r () 1 2]? 30 ( 1 2) 


-F+0 +012, 
X(I112) 


r'(3) a 
[x + xT, + x*I2]2 = 


16 
[x+ x1, +x7I,]*% = —— 
r (2) 15/1 


Vxtx1, + x71, 


Theorem 4.2.5. Let (x (1 2)) ,X=x+ yl, + zIq € R(I,,12) be a refined neutrosophic real function with one 
refined neutrosophic variable. Then for all v(1,, 12), wU4, 12) > 0+ O01, + OI, , 


—v(I4,I2) pie 2) —(v4+w) (14,12) — pn -wU12) pv! 2) 
Dy) [p X(14, i) f (XU, 12))| = Dyin) = f (XG. h)) ~ Dyan) [p X(Intp) f (XU, 12))| 


14 


Doi: https://dot.org/10.54216/IJNS.240201 
Received: October 21, 2023 Revised: February 03, 2024 Accepted: March 28, 2024 


International Journal of Neutrosophic Science (IINS Vol. 24, No. 02, PP. 08-18, 2024 


Proof: 


By definition of the refined neutrosophic fractional integral we have 


—v(I4,I2) pie 2) 
Dyan) [p X(14, i) f(T. 1,))| 
T4112) 


1 vUa2)-1 | -wiy le 
= Flip) | (Pvt) - XG. hn) ee GR f(T 12))] d(x, 12) 


_ 1 
~ T(v(y, 12) 


T(4,12) 
(T (1, 12) 


X (4,12) 


1 
T(wy,12)) J 


v(I4,12)-1 


— X(Ij,1,)) (X(q, 12) 


ceca 16 20 FF I,))d(¥ Uy, I2))} a(XU, Iy)) 
T1112) 

(TU, 12) 

X(112) 


d(X(I1,1z)) | (XC, Iz) 
0 


— ¥(I4,12)) 


1 
~ P(v, 2) PF (wb) 


=, 1) 


w(4,12)-1 


— ¥(I1,12)) f(¥ U1, In))d(¥ Uh, I2)) 


TU4,12) 


1 
J (Ty, Ie) 


~ Foy, Ia) + WU, Ia) 


AVG) 1 6(VUy, fs) d(C, I,)) 


T(Iq,12) 
vI4,12)+wU4,I2)-1 


= B(v(Iy,12),wU112)) | (TU, 12) — Yh, 12)) f(¥ U1, 12))d(¥ Uh, I2)) 
0 


4.3 Definition of the Riemann Liouville Refined Neutrosophic Fractional Derivative 


The refined neutrosophic fractional derivative can be defined using the definition of the refined neutrosophic 
fractional integral. 


Definition 4.3.1. Suppose that vy, Iz) = nUy, Iz) — Wy, 12) : NU, Iz) = [wU4, I2)] Then, the refined 
neutrosophic fractional derivative of f (x (yf 2)) of order w(Iy, Iz) is 


pu 2) n(I4,I2) pv 2) 
Dy, yf (XU 12) = Dyin) [p X(I4to) f (XU, 12))| 


Example 4.3.2. suppose we wish to find the refined neutrosophic fractional derivative of X™¢1!2) (I, Iz) of order 
v(I1, 12) we just need to interchange w(Iq, Iz) = nUy, Iz) — vCy, 12) , ny, 12) = 1 and 


wy, 12) = 1— v4, 12) . so, 


(112) (1-v(I1.,I2)) - -(1-v(4,12)) 
Dyc. yf (XU) = Dyayt) De °S (XC, 1,))| = Di) Leas me xml) (Ty, 1,)| 
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i T(m(1y,1,) + 1) 
X (112) T((m(y, Iy) — vy, In) +: 1) +1) 


X(1,, 12) ™ Gta) Pa) +1 


rm, 12) + 1) 


= (mG he) — ey) + DO wi ie) + DF, Iz) — vy Ia) #1) 


X(1,, 12) ™vl2) PG vt2) 


Tom(1,, 12) + 1) 


~ X (I, [nyt 2) ta) 
T((m(y, Iz) — v2) + D) 


th 
In particular, we will find the (++ Ol, + O1;) | order derivative of f (Xa Iz) = (Xz) : 


Dea, Iz) X(U1,12) X(14,12) 


Tudy,12) +1 1 
= ( ( 1 2) ) X (Iq, [yh 


r ((udt) — + 1)) 


014+01 —5+014+0I. 
i+ 1+ gi 6c 0 27 2) ie = pitehtolz 3 gtOlh+ “(xn)” 


Example 4.3.3. 
1 
pr0ly +012 27_\0+01, +012 — ppltOls+0lg | y—2 tO! +012 27_\0+01,+0!2} _ 
1) Dea, Iz) (x + xi, +x Iz) 4 2= Dy cy) Dat) (x + xIy +X I,) 1 2)= 


Dyin [z \x+ x, +271] = i Dyin (VX + [vat x +x? —V1 + 22]1, + [Vx + x? — Va]I2) = 


2 1 1 1 1 1 1 1 1 1 1 1 
Va (3 ne 2Vx4+x+x2 ~ 2Vx+x2 7 2Vx+x2 7 2Vx >. ad 4 ws Ee = 2Vx4x2 ~ 2vx 7 =| I.) ~ 


1 1 1 1 
+ _ I, +)|—S-=|/ 
va (5 Vxtxtx2  Vxtx2] 1? Jxex2 vx|°? 


F+011 +01 ; 
2) Dei ty (EF Ky + x21, ) 00 t0l2 = TORN Ce + aly + x71) = TD Ce + ay + 
ta) r((0+01,+01-3+1)) r() 
x2],)0t0l1 +0l2-F _1., 1 cs 1 


Va Jf x+x1y+x2 Iz ~ Ve Vx+|Vx+x+x2— Voeex? | 11+ | Vae42? - Va|l2 
Notice that 1) and 2) is iqual. 
3. Conclusion 


Refined neutrosophic fractional calculus is a more generalized form of calculus. Unlike the refined neutrosophic 
integer order calculus where operations are centered mainly at the refined neutrosophic integers, fractional calculus 
considers every real refined neutrosophic number, v(1;, Iz) . And as it has been briefly noted in this paper , the 
meaning and applications of this new type of calculus are quite comparable to those of the ordinary calculus, especially 
when gets closer and closer to a refined neutrosophic integer. In the future, studying the neutrosophic fractional 
differential equations became possible thanks to the definitions mentioned in the paper . 
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